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Abstract 

We study a supergauge transformation of a complex superfield which generates a chiral 
superfield in two-dimensional A f — (2, 2) theory. This complex superfield is referred to as 
the prepotential of the chiral superfield. Since there exist redundant component fields in the 
prepotential, we remove some of them by a gauge-fixing condition. This situation is parallel 
to that of a vector superfield. In order to obtain a suitable configuration of the GLSM for 
the exotic hve-brane which gives rise to a nongeometric background, we impose a relatively 
relaxed gauge-fixing condition. It turns out that the gauge-fixed prepotential is different from a 
semichiral superfield whose scalar field represents a coordinate of generalized Kahler geometry. 
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1 Introduction 


Two-dimensional supersymmetric gauge theory is a powerful model when one studies string theory 
on curved geometry. In particular, A f = (2, 2) gauge theory with charged matter plays a central 
role in analyzing string theory on Calabi-Yau manifolds and the corresponding Landau-Ginzburg 
theories [1]. This gauge theory is called the gauged linear sigma model (GLSM). Applying du¬ 
ality transformations of chiral superfields discussed in [2] to the GLSM, one can also study a 
supersymmetric sigma model on a Calabi-Yau manifold and its mirror dual geometry [3] via the 
Strominger-Yau-Zaslow (SYZ) conjecture [4]. 

Two-dimensional gauge theory with eight supercharges, namely J\f = (4,4) GLSM, is also a 
significant tool for studying string propagation in the background geometry of NS5-branes and its T- 
dualized system [5, 6, 7]. These days the N = (4,4) GLSM for the exotic 5o-brane is also established 
[8]. In an M = (4,4) GLSM, an M = (4,4) vector multiplet contains an M = (2,2) vector superfield 
V and an J\f = (2,2) chiral superfield 4? which takes values in the adjoint representation under 
gauge symmetry. In the GLSM for the exotic 52-brane, the chiral superfield 4>, whose definition is 
0 = D±$>, is re-expressed by a complex superfield C in such a way that 

4 > = D + D_C. ( 1 . 1 ) 

Here we refer to C as the prepotential of the chiral superfield <!>. By using this expression, we have 
succeeded in dualizing a chiral superfield T coupled to $ as in the F-term [8]. (We consider only 
abelian gauge symmetry, as in [8].) This prepotential carries many redundant degrees of freedom, 
some of which do not contribute to physics at all. However, other redundant component fields do 
play a crucial role in generating the nongeometric structure of the target space geometry of the IR 
sigma model. 

In order to distinguish the relevant degrees of freedom from irrelevant ones in the prepotential, 
we should think of the structure of the prepotential C itself. There exists a supergauge symmetry 
of C under the definition (1.1) if the supergauge transformation parameter is removed by the 
supercovariant derivatives D + D _. This implies that the supergauge parameter is expressed as a 
complex linear superfield, which is one kind of reducible superfields [9, 10]. In the case of [8], 
however, we cannot use the complex linear superfield itself as the supergauge parameter. This 
is because the degrees of freedom of the complex linear superfield remove the auxiliary vectorial 
fields which play an important role in generating the nongeometric structure. We have to explore 
a suitable supergauge parameter whose degrees of freedom are less than that of the complex linear 
superfield. It is possible to remove truly irrelevant degrees of freedom of the prepotential C, and 
we can find the relevant degrees of freedom for the sigma model for the exotic five-brane, i.e., the 
four complex bosonic fields and four Weyl fermions in C, rather than two complex bosons and two 
Weyl fermions in the original chiral superfield <b. This is the main discussion of this paper. 

It is also known that other reducible superfields, for instance, semichiral superfields X/, and 
Xft also play a central role in studying a string propagating on a generalized Kahler geometry 
(see, for instance, [11, 12] and the recent work [13]). Indeed the sigma model of the semichiral 
superfields has been developed in the string theory compactified on nongeometric backgrounds. It 
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is interesting that the degrees of freedom of the gauge-fixed prepotential is the same as those of 
the semichiral superfields. However, we will find that the gauge-fixed prepotential differs from the 
semichiral superfields, and that both of them will contribute to the string theory on nongeometric 
backgrounds in a different manner, respectively. 

The structure of this paper is as follows. In section 2, we study a variation of the prepotential 
C in terms of irreducible superfields. In order to reduce redundant degrees of freedom of C, we 
interpret this variation as a supergauge transformation. We investigate two gauge-fixing conditions, 
one of which is suitable for the Af = (4,4) GLSM for the exotic hve-brane [8]. We find that the 
gauge-fixed prepotential is different from semichiral superfields which provide sigma models of non¬ 
geometric string backgrounds. In section 3, we discuss the supersymmetry transformations of the 
prepotential C and other superfields coupled to this. This is necessary because the supersymmetry 
transformation breaks a gauge-fixing. Then we have to modify the transformation of C which 
serves as the gauge-fixing condition. Other superfields coupled to C also receive the modification 
of the transformation. We analyze the modification in the case of the JV = (4,4) GLSM for the 
exotic five-brane. Section 4 is devoted to a summary of this work. In appendix A, we exhibit 
the conventions in this paper. In appendix B, we write down the supersymmetry transformation 
rules of superfields in two-dimensional JV = (2, 2) theory. In appendix C, we explicitly describe the 
JV = (4,4) GLSM for the exotic five-brane discussed in [8]. 


2 Gauge-fixing conditions 

In this section we discuss a supergauge transformation of the prepotential C. The supergauge 
transformation should be irrelevant for the original chiral superfield <L, by definition. In other 
words, the chiral superfield should be invariant under the supergauge transformation. Originally, 
C carries eight complex bosons and eight Weyl fermions. Because of the supergauge symmetry, 
there exist a number of redundant component fields in the prepotential. We try to reduce some of 
them and find an appropriate condition which generates the nongeometric structure in the IR limit 
of the GLSM for the exotic five-brane [8]. 

2.1 Gauge symmetry 

The original chiral superfield 4> = D + D_C (1.1) is equivalent to 

4> = D+D_(C + C) , (2.1a) 

if an ambiguity C is subject to the constraint 

~D+D-C = 0. (2.1b) 

This implies that C would be a complex linear superfield [9, 10] as one kind of reducible superfields 2 . 
In this work we interpret C as a supergauge transformation parameter which does not affect the 

2 See the explicit form of the complex linear superfield L in (A.7). 
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original chiral superfield 4>. We can describe C in terms of JV = (2,2) irreducible superfields such 
as [1]: 


X : 

chiral 

D ± X = 0 


Y : 

twisted chiral 

D + Y = 0 = 

DAY 

Z : 

anti-twisted chiral 

DJZ = 0 = 

D + ~Z 

V : 

vector 

v f = v 



Since we impose the condition (2.1b), vector superfields cannot be a constituent of C. For the same 
reason, we also cannot use anti-chiral superfields. Since the complex linear superfield carries six 
complex bosons and six Weyl fermions, a generic form of C can be given as 

C = X + Y + Z. (2.2) 

We often denote this supergauge parameter as C = (X,Y,Z ). Adding C to C is interpreted as a 
gauge transformation. We comment that it is not necessary that the anti-twisted chiral superfield 
Z is independent of the twisted chiral superfield Y. We will discuss a suitable pair of ( X , Y, Z) for 
(4>, C) in the J\f = (4, 4) GLSM for an exotic hve-brane [8]. 

2.2 Gauge-fixing conditions 

The explicit forms of 4? and C expanded by the Grassmann coordinates (9 ±, 9 ±) are given as 3 

4> = (j) + iV2e + X + + iV2d~X_ + 2i9 + e~D^ 

-i9 + 9 + d + ^-i9~9~d-(t)+V2 9 + 9 + 9-d + X- + V2 9~9~9 + dXX+ 

+ 9 + 9-9 + 9~d + d-(j), (2.3a) 

C = <f> c + i\/2 0 3 " , 0 C _|_ + i\/2 9 ip c — + i\/2 9+Xc+ + iy/% 9 Xc— 

+ i 9 + 9~F c + i 9 + 9~M c + 9 + r G c + 9~9 + N c + 9~9~A C= + 9 + 9 + B c ^ 

-V2 9 + 9~9 + (c+ - V2 9 + 9~9~( c - ~ V2 9 + 9 + 9~X c+ - V29~9 + 9~X 0 _ 

-2 9 + 9~9 + 9~D c . (2.3b) 

Here d± = do ± d± are the coordinate derivatives. The original chiral superfield 4) contains one 
complex scalar </>, two Weyl spinors X± and one complex auxiliary scalar D$, while the prepotential 
C involves six complex scalars (■ (j) c ,F c ,M c ,G c ,N c ,D c ), eight Weyl spinors ('tp c ±, Xc±, (c±, A c ±), and 
two vectorial fields (A c= , B c ^.) that can be regarded as light-cone coordinates of a complex vector 
held W c , m . We can read off the relations between their component fields via (1.1): 

(f> = —i M c , (2.4a) 

D$ = —i D c + — d+A c= + — d-B^ + — d + d_</) c , (2.4b) 

A± = —i^A c ± ± 5 ±Xc=f) j ( 2 - 4c ) 

3 For the convention used for superfields, see appendix A. 
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{ F c , G c , N c , il) c ± , Cc± } : (no relations) . 


(2.4d) 


There are many redundant component fields in C , which should be gauged away by the equivalence 
between (1.1) and (2.4) under the constraint (2.1b). This means that we impose a gauge-fixing 
condition on the prepotential C. Indeed this procedure is parallel to imposing the Wess-Zumino 
gauge on a vector superfield. In the following discussions, we will perform two gauge-fixings. One 
is the full gauge-fixing by the supergauge parameter C = ( X,Y,Z ), where Z is independent of Y. 
This is equivalent to C being given by a complex linear superfield L, although we do not use its 
explicit form. The other is a relaxed gauge-fixing given by C = (X, Y, — iY"). We note that the 
reason why the former gauge-fixing is called “full” is that the degrees of freedom of C fixed by 
C = (. X , Y, Z ) are equal to those of the original chiral superfield <J>. In the latter case, however, the 
gauge-fixed degrees of freedom of C are reduced by Z = i Y. 


Full gauge-fixing by C = (X, Y, Z) 

First, we consider the full gauge-fixing given by the supergauge parameter C = ( Y,Y,Z ). In this 
case the superfield gauge parameters X, Y and Z are independent of each other. By using their 
component fields (see (A. 4) in appendix A.2 for the expansions of a chiral superfield X and twisted 
chiral superfields Y and Z), we expand the transformed prepotential C' = C + C as 

c' = (4>c + (j)x + CTy + az} + iV2 6> + (v>c+ + ^x+ + Xr+) + iV2 0~(^) c - + ip X - ~ Xz-') 

+ iV20 + [\ c+ + xz+) + (xc- ~ Xv-) 

+ i e + 6~ (f c + 2 Fx) + i 6 + 8~M c + (g c + 2 i Gy) + 6~e + (. N c - 2 i Gzj 
+ e~e~^A c= -\d-(^)x - cry +Tz)} + 6» + 0 + |S c4f -id+($ x + cry -Tz)| 

- V2 9 + e-6 + {Cc+ + o + fa- + xz~)}-V 2 o + e-e-{ Ce_ - x+ - XY+) } 

- V2 e+6+0- (a c+ + d + XY-) -V2 6-0+0- (a c _ + d-xz+) 

- 29 + 9~9 + 0~ ^D c - i d + d _ {^x ~ cry - o 1 ^) | . (2.5) 

For convenience, we also formally represent the components of C' as 

C = 4>' c + i\/2 9 + ip' c+ + ... . (2.6) 

Immediately we find the coincidence 

M' = M c . (2.7) 

This implies that the scalar field M c is invariant under the supergauge transformation C —>• C = 
C + C. This is consistent with the invariance of the original chiral superfield T under this trans¬ 
formation. The other component fields of C are transformed. Due to the expression (2.5), we can 
choose a gauge on (F c , G c , N c ): 

F' c = F C + 2F X = 0, (2.8a) 
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G' c = G c + 2iG y = 0, (2.8b) 

N' c = N c -2iG z = 0. (2.8c) 

A gauge-fixing on (c/) c . A c= . B c ^, D c ) is also performed easily. Here we introduce the following 


expressions: 

= + 4>c ) 4>c = 4>x + <?y + &z ) (2.9a) 

A' c= = A c= -i<9_A c , A c = (f>x - &y + &z , (2.9b) 

B' c :4f = H c4f - iO+H c , H c = 4> x + cry ~ &z , (2.9c) 

D' c = D c — ^d + d-D c , D c = 4> x - cr Y ~ &Z ■ (2.9d) 

Here we find a relation among the gauge parameters (4>x,^y,&z), 

0 = 4> c — A c — B c + D c . (2.10) 

This indicates that three of the four component fields (</>(., A'_, D' c ) can be independently 
gauged away, while one of them remains non-trivial. For instance, we can choose a gauge, 

€ = 0, (2.11a) 

D’ c = 0, (2.11b) 

Im(A' c= ) = 0, (2.11c) 

Im(5'^) = 0, (2.lid) 


while the real parts of the vectorial fields (A' c= , are non-trivial. They, rather than their 

field strength, appear in the scalar potential with coupling to non-dynamical scalar fields as well 
as dynamical ones. Indeed, the non-dynamical field wraps a compact circle of the target space 
by virtue of the vectorial fields. Here we explain this phenomenon in the GLSM for the exotic 
five-brane (see appendix C for the detailed forms). The non-dynamical vectorial fields (A c= ,i? c _ H _) 
generate a potential term such as the fifth line in (C.12). This term connects the original coordinate 
field r 2 of a compact circle and the new dualized coordinate field y 2 via the duality relations (C.5f) 
and (C.5g). When we study supersymmetric vacua, this potential term also vanishes. Combining 
this with (C.5f) and (C.5g), this vanishing condition yields 4 

a 2 — — 

0 = — ( A c= + A c= ) (yB c 4|_ + -B c4f ) 

= -A( dmr 2 ) 2 + ^(d m y 2 ) 2 + e mn (d m r 2 )(d n y 2 ). (2.12) 

2 g z 2 

This implies that the dynamics of the original field r 2 in the GLSM moves to that of the dual 
field y 2 , whilst the topological term still carries the original field. Due to this relation, r 2 and y 2 
seem to co-exist in the system. However, we can integrate out r 2 in (2.12) in the low energy limit 
and obtain the correct nonlinear sigma model containing y 2 . Furthermore, the target space metric 

4 To make the duality clear, we consider a simple case k = 1 of a general gauge theory (C.10). 
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becomes multi-valued with respect to other scalar coordinate fields [8]. On the other hand, if the 
real part of the non-dynamical vectorial fields (ReA c= , Re.B C 4 f) are absent by the gauge-fixing, we 
cannot obtain the correct sigma model. Hence it turns out that the non-dynamical fields (A c= , B c ^) 
generate the nongeometric structure on the target space geometry of the sigma model [8]. This 
phenomenon can be seen as an Aharonov-Bohm-like effect 5 . We can also introduce a gauge on the 
fermionic fields as 


Xc+ = Xc+ + Xz+ = 0, (2.13a) 

Xc- = Xc— XY— = 0, (2.13b) 

i/i' c+ = i/>c+ + (Va+ + XY+) = o, (2.13c) 

V'c- = fpc- + (ipx--Xz-) = 0, (2.13c!) 

Cc+ = Cc+ + d+i^x- + Xz~) = 0, (2.13e) 

Cc- = C c--d-tyx + -XY+) = 0. (2.13f) 

The non-trivial degrees of freedom are carried only by A c ±. Then we find that the coincidence (2.4) 
is reduced to 

4> = -i M', (2.14a) 

D* = ^+Re(A' = ) + \d.Re(B ^), (2.14b) 

A± = -iA' c± . (2.14c) 


Under the gauge-fixings (2.8), (2.11), and (2.13) demonstrated above, we completely removed all 
the redundant degrees of freedom of C. However, we cannot use this gauge-fixing in the AT = (4,4) 
GLSM for the exotic hve-brane [8]. This is because, by the reduction to (2.11b) and (2.14), the FI 
parameter s coupled to D c does not contribute to the system any more (see the Lagrangian (C.6)), 
while the FI parameter represents the position of a five-brane on the target space of the IR sigma 
model. Simultaneously, the coupling ( D c — D c )r 2 in (C.8), which plays a crucial role in generating 
multi-valuedness of the target space metric of the IR sigma model [8], also disappears. Even though 
we introduce other gauge-fixing in which D c does not vanish, one of the (real part of) vectorial fields 
(A c= , B c .fr) is fixed to zero. In this case, the Aharonov-Bohm-like effect disappears in the GLSM 
for the exotic five-brane, and we cannot obtain any nongeometric structure in the IR limit of the 
theory. In order to obtain an appropriate gauge-fixing with non-vanishing ( D c , Re(A c= ), Re(R c -H_)), 
we should consider a relaxed gauge-fixing given by C = (X, Y, — IF). 


A relaxed gauge-fixing by C = ( X , Y, — iY) 

Second, we consider a relaxed gauge-fixing given by the supergauge parameter C = (Y, Y, — iY). In 
this case the transformed prepotential C' = C + C is expanded as 

C’ = (fj) c + 4>x + cry ~ iov) + iV2 0 + > c+ + i/j x + + X>'+) + 0~ ^c- + ^X- + %'-) 

5 While this analysis has been seen in the GLSM for the exotic five-brane, multi-valudness should also appear in 
the T-duality transformation of other defect branes of codimension two. 
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+ i\/2 0 + (xc+ - i XY+) +iV2 6 (xc- ~ Xy-) 

+ i 6 + 0~ F c + 2Fx) + i e + 9~M c + 0 + 0~ [g c + 2i Gy) + (V c - 2 Gy) 

+ 6~9~{a c= - id^(j) X - oy ~ iov)} + 6> + #+j_B c4f - i d + ($x + cry + i<fy) | 

- V2 e + e~o + {Cc+ + d + (V- - i*y-)} - V 2 e + o~o~[( c _ - a_ (y x+ - xy+) } 

- V 2 e + 0 + e~ (A c+ + d+XY-) - V 2 6~6 + 6- (a c _ - i d-XY+) 

- 29 + e~e + e~ |g» c - ^<M- (fx - w + ioy)}. ( 2 . 15 ) 

Again the scalar field M c is invariant. Let us focus on the transformation rules of (F Cl G c , N c ). In the 
previous case all of them can be gauged away by three independent gauge parameters (F x , Gy, Gz )• 
However, in the present case, both of (G c , N c ) cannot be simultaneously gauged away, while F c can 
be removed. For instance, we take the following gauge, 

F' c = F C + 2F X = 0, (2.16a) 

N' c = N c -2Gy = 0, (2.16b) 

G' c = G c + 2iGy / 0. (2.16c) 


We study a gauge-fixing on (</> c , A c= , R c4f , D c ). 
gauge transformations: 

As in 

the previous discussion, 

we consider their 

4>c = 4>c + 4>c, 

4> c 

= 4>x + cry - i ay , 

(2.17a) 

i 

ii 
o 

ii 

ii 

Ac 

= 4>X - cry - lay , 

(2.17b) 

B c -w- — B c -iy id | B c , 

B c 

= (j) X + ay + lay , 

(2.17c) 

D’ c = D c -±d + d_D c , 

D c 

= 4> X — cry + ioy . 

(2.17d) 


Again there exists a relation (2.10). Counting the degrees of freedom, we can set two of the fields 
((/>(,, A' c= , B' c j ^, D ' c ) to zero by the parameters (4> x ,ay). Thus we adopt the following gauge-fixing: 


€ = 0, (2.18a) 

Im(A(. = ) = 0, (2.18b) 

Im(5^) = 0 , (2.18c) 

Re(A , c= ) = Re(A c= ) + Re(^) c ) + lm(0 c ) — Im(i? c ) / 0, (2.18d) 

Re(R(._ ff ) = Re(R c _ H _) + Re(^ c ) - Im(5 c ) - Im(A c ) + 2Im(R c ) / 0 , (2.18e) 

D' c = D c — lm(0 c ) + Im(A c ) + Im(R c ) ^ 0. (2.18f) 

We also study a gauge-fixing on the fermions. Here we introduce the following gauge: 

Cc+ + d+^'c- = Cc+ + d+ipc- + 2d + 'ip X - = 0 , (2.19a) 

C'c- ~ d-i>' c + = Cc- - d-rp c+ - 2 d-'ipxy = 0 , (2.19b) 

A' c+ - <9+Xe- = A c+ - d+Xc- + 2 d+XY- = 0 , (2.19c) 
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A'c- 

+ 

d-Xc+ = 

= A c _ 

+ d-Xc+ 

- 2id-XY+ 

= 0, 

(2.19d) 

Cc + 

- 

CJ ^ 

1 

11 

= Cc+ 

1 

~<S- 

cs 

1 

~ 2i d+XY- 

7^ 0) 

(2.19e) 

Cc- 

+ 

d-^c+ = 

= Cc- 

+ d-tf) c+ 

+ 2d-XY+ 

7^ 0; 

(2.19f) 

A'e+ 

+ 

d+Xc- = 

= A c + 

+ d+xc- 

7- 


(2.19g) 

Ac- 

— 

d-Xc+ = 

= A c _ 

- d-xc+ 

+ 0. 


(2.19h) 


This gauge-fixing removes any derivative interaction terms of the fermionic fields. Furthermore, we 
will obtain appropriate supersymmetry transformations consistent with the gauge-fixing. We will 
discuss these issues in the next section. Due to the gauge-fixings (2.16), (2.18) and (2.19) by the 
supergauge parameter C = (X, Y, —iV), the component fields of the original chiral superfield 4> are 
expressed as 


</> = -i Af', (2.20a) 

D„ = -iD' c + ±d+Re(A' c= ) + ^d-Re(B' c _+), (2.20b) 

A± = -i(A' c± ±d ±X ' CT ) = -2iA' ± = Y2id± X ' CT - (2.20c) 

Since all (D' c , Re(H' = ), Re(S(,_ H _)) are non-trivial, we can obtain suitable gauge-fixed Lagrangians 
of (C.6) and (C.8) for the sigma model with nongeometric structure [8]. 

Now we count the remaining component fields of the gauge-fixed prepotential C'. There are 
two complex scalars (M' c , D' c ), two real vectorial fields (Re(A' c= ), Re(13'_ H _ )), and four Weyl fermions 
(Cc± T d±ip' CT , A' c± ± d±x' c zf)- The number of degrees of freedom is still twice as many as that of the 
original chiral superfield T, while the redundancy plays a significant role in the sigma model for 
the exotic five-brane [8]. We notice that the gauge-fixed prepotential C' is neither a left semichiral 
superfield X^ nor a right semichiral superfield X^ [11, 12, 13], whose definitions are 0 = D+X^ 
and 0 = D_X/j, respectively. The scalar components of the semichiral superfields behave as 
coordinates of the target space geometry which is a generalized Kahler geometry, or more general, 
a nongeometric background. We insist that the gauge-fixed prepotential C' also contributes to the 
sigma model whose target space is a nongeometric background, though C' belongs to an Af = (4,4) 
vector multiplet and does not represent any coordinates of the target space. 


3 Modification of supersymmetry transformations 

When we impose a gauge-fixing condition on the prepotential C, the supersymmetry transformation 
of its component fields is reduced. However, the supersymmetry transformation breaks the gauge¬ 
fixing condition. In order to restore the gauge-fixing condition even after the supersymmetry 
transformation, we have to modify the supersymmetry transformation rule by adding appropriate 
terms. This situation is completely parallel to the Wess-Zumino gauge-fixing and modification of 
the supersymmetry transformation under the Wess-Zumino gauge. 
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3.1 Supersymmetry transformation under the gauge-fixing condition 

Under the gauge-fixing condition (2.16), (2.18) and (2.19), the supersymmetry transformation of 
the component fields of the gauge-fixed prepotential C is reduced to 6 


W c 

= a /2 e_V>c+ - V 2 £+i)/ c _ “ V 2 £-x' c + + V2 e+x' c - > 

(3.1a) 

H’U 

^2 R®(Rc-h-) — ^ ’ 

(3.1b) 

H'c- 

— ~^2 ^+R®C^c=)) 

(3.1c) 

$Xc+ 

= e(S' + ) --^= e+M', 

(3-ld) 

Sx'c- 

= — £+Re(d(, = ) + -j=e_G' c — -j=£-M' c , 

(3-le) 

5F' C 

= o, 

(3. If) 

5M' C 

= V2 £- ^A' + + d + x'c-J — V2 e + — d-Xc+'j ■ 

(3-lg) 

5G' C 

= 2V2ie + cLV/ + , 

(3-lh) 

5N' C 

= —2x/2 i £-d + i/j' c _, 

(3-li) 


= + 1 V 2 £ + d-ip' c _ + W2e-d-ij/ c+ + iV2s + d-x , c - - i\/2e_d_xj, + , 

(3-lj) 


= -iV2£_d + ip' c+ - 1 V 2 £ + d + ip' c _ - i\/2e_<9 + x / c+ + \V2£+d + x' c - , 

(3.1k) 

<+ 

= — -j= e + |d_Re(I3(._ H _) + 2LD(,j , 

(3.11) 

K- 

= — -j= e_|d + Re(d(, = ) + 2LD'| — -j= e + <9_G' c , 

(3.1m) 

5\' c+ 

= ~^£+{d-Re(B' c ^) -2LD'} - -J= e_d+G' c - -±= e_S+M', 

(3.In) 

5\' c _ 

= --^ £ _{d + Re(d' = )-2iT>'} + -J=e + d_M', 

(3.1o) 

6D' C 

= -j= £-d+d-ip' c+ - -^= e+d+d_^_ + -J= e_d+d_x' + - -^= e+d + d_x' c _ . 

(3-lp) 


Since, for instance, the variation 5(j/ c does not vanish, the supersymmetry transformation (3.1) 
breaks the gauge-fixing condition. Even in this variation, however, we should keep in mind that 
8F' C still vanishes. This implies that the transformed complex scalar F' c still satisfies the gauge-fixing 
condition (2.16). This will play a key role in the modification of the supersymmetry transformation. 

3.2 Modification of supersymmetry transformation of C 

In order that the supersymmetry transformation of the gauge-fixed prepotential C' is consistent 
with the gauge-fixings (2.16), (2.18) and (2.19), we add the following variation to the original 

6 The supersymmetry transformation of the prepotential without any gauge-fixing conditions is listed in appendix 
B.4. 
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supersymmetry transformation 8C': 

8'C' = X' + Y'-iY'. (3.2) 

Since we have chosen the supergauge parameter C = X + Y — \Y rather than a complex linear 
superfield, we should also describe the modification of the supersymmetry by a sum of irreducible 
superfields. Here X' and Y' are a chiral superfield and a twisted chiral superfield, respectively. Their 
component fields are described in the same way as in (A. 4) with the prime symbol. 8'C represents 
an additional supersymmetry variation involving the supersymmetry parameters (e±,e±). Then 
we impose that the total variation 

SC 1 = 5C' + 8'C' (3.3) 


should be consistent with the gauge-fixing condition (2.16), (2.18) and (2.19). We notice that the 
additional variation 8'C' must satisfy the projection (2.1b), and that the pair (X',Y') is different 
from the supergauge parameter C = (X,Y, — iY") in the previous section. 

We expand the total variation (3.3) in terms of the component fields of (C',X',Y'). This is 
quite similar to (2.15): 

8C' = {8(j>' c + 4>'x + Oy — iJyj + i\/2 9+ (8ip' c+ + V4r+ + Xy+) + 6 {8ij}' c _ + V’x- + ixy_) 

+ i\/2 9+ (8x' c+ - Wy+) + (Sx' c - ~ Xy-) 

+ 2 i e + e-F’ x + i e + e~ 5 M’ c + o+o~ ( sg' c + 21 g' y ) + 9-9+ (sn' c - 2 G' y ) 

+ 0 9 — i d— (p'x — ffy — i <7 y) j" + 9+9+ ^8 B' c _y — i d+ (p'x + csy + iuy) j- 

- V2 9+9~9+{8C' c+ + d + fa- ~ iXy-) } ~ ^2 0+0-0" {<*£_ - (f x+ - x' y+ ) } 

- V2 9+9+0- (jA' c+ + 8+x'y-) ~ V2 0-0+0~ (8\' c _ - id_x'y+) 

- 29+9-9+9-^8D' c - (cj) x -a'y + iffy) } . (3.4) 


The gauge-fixing condition (2.16), (2.18) and (2.19) leads to the following constraints: 

0 = 84>' c = V2e-^' c+ - V2 £ + 'i/j' c _ - V2 £-x' c+ + V2e+Xc- 

+ 4>'x + a Y ~ i a Y i 
0 = SF' = 2 F'x , 

0 = 8N' C = -2V2is-d + ip' c _-2G' Y , 


0 = 8 Im (A' c= ) = — e + d _ (p' c _ - Xc_) + -J= £-d _ (Vc+ + X^y) 

- ;^= £+5- (V4- - Xc-) - ^ e-5- (V c+ + Xc+) 

~ 9^- - °y — i^y) ~ -jp- (p' x ~ + icr ^) ’ 

0 = ?Im(Hp_n_) = --)= £+9+ (V'_ + xU) --j=e-d+ (p’ c+ - Xc+) 


(3.5a) 

(3.5b) 

(3.5c) 


(3.5d) 
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+ £+5+ O'- + Xc- 

) + 7l ~ £ -°* 

0 c+“ 

Xc+) 





- jS+(^ 

' X + <7y- + i CTy 

)-\s+(Wx 

+ Ct'y — 

i °y) , 

(3.5e) 

0 = 

£(Cc+ 

+ d+lpc-) 


0+Re(H(. = ) + 


+ 2i D' c ] 

i 

-5- 

CM 

+ 

(3.5f) 

0 = 


- d-^c+) 

= 

y/2 1 

0+Re(H' c= ) + 


+ 2i D'c] 

1 

to 

p 

~fV 

+ 

(3.5g) 

0 = 

£(A'c+ 

- d + x' c -) 


[-5 + Re(H' c= ; 

) + cLRe(-B(,^_) — 2iD(.| + 2d + x'y- , 

(3.5h) 

0 = 

?(A'_ 

+ d-x ' c+ ) 

- 

\/2 1 

[5 + Re(H' c= ) - 

d.R.e(B^) 

-2i D' c ] 

\ - 2i 0-Xy + • 

(3.5i) 


Solving the above equations (3.5), we can write down the explicit forms of the component fields of 
(X',Y') t though it is not so important in this work. Instead, we focus on the vanishing complex 
scalar F x . This is a strong statement. The reason is as follows. The prepotential C couples to the 
twisted chiral superfield E (see appendix C). If F’ x were not zero, we could not find any consistent 
modifications of the supersymmetry transformation of E. This will be investigated in the next 
subsection. 

3.3 Modification of supersymmetry transformations of 5 and ^ 

Once we take a gauge-fixing condition on the prepotential C, its supersymmetry transformation 
breaks the gauge-fixing condition. In the last subsection, we modified the supersymmetry trans¬ 
formation of C in order to recover the gauge-fixing condition. In this subsection we investigate the 
modification of the supersymmetry transformation of other superfields coupled to C. 

Here we focus only on the Af = (4,4) GLSM for the exotic five-brane [8]. The Lagrangian in 
the superfield formalism and its expansion by the component fields can be seen in appendix C. We 
extract the terms in which the prepotential C couples to other superfields, 

E + E -V2(C + C) € 2z?~, (3.6a) 

(V-W)(C-C) € (3.6b) 

They are manifestly invariant under the original supersymmetry transformations unless a gauge¬ 
fixing condition is imposed (see appendix B). Now we impose the gauge-fixing condition (2.16), 
(2.18) and (2.19) by the supergauge parameter C = (X. Y. —i Y). Then C in (3.6) is replaced with 
the gauge-fixed prepotential C'. Even under the gauge-fixing condition, the terms (3.6) should be 
invariant under the supersymmetry transformations. This implies that the (real part of) twisted 
chiral superfield E and the (imaginary part of) chiral superfield T should receive the modification 
of the supersymmetry transformation (3.2). Because of this, we have to discuss the additional 
variations of E and 'k. Since the additional variation 5'C' should be canceled by the additional 
variations (d'E, <5 , ’k), the following equations are imposed: 

0 = (S' E + 5'Z) - y/2 (5'C + 5'C') , (3.7a) 
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o = (<7T-<5'T)(C'-CO + (^-^)(<5'C'-<5'<E'). 


(3.7b) 


We analyze them separately. 

We have a comment before the analyses. The Lagrangian 2zf$ (C.6) is expressed in terms of the 
component fields of the prepotential C. Then we should think of the invariance of this Lagrangian 
under the modification of supersymmetry transformations. However, the original chiral superfield 
<h is not sensitive under the modification (3.2) because 5'C' is projected out by the condition (2.1b). 
Then we conclude that we do not have to manage the Lagrangian carefully. 


Additional variation <5'E 


The additional variation 5'C' deforms the supersymmetry transformation of the real part of E, 
which should be controlled by the equation (3.7a). Since this is a linear equation, it is easy to 
obtain the form of <5'E in terms of the component fields: 


5'y 1 = {<t>'x + a 'y ~ C Y ) + $'x + °y + C Y ) , 

= y/2 [^'x+ + Xy+ + iXy+) > 

5'C = -y/2 (tfx- ~ Xy- ~ i Xy-) , 
d+5'y 2 = — i<9 + 1 {o’x + °y + ia ' Y ) — {(b'x + a Y ~ 1 °y) } > 
— d-5'y 2 = — id -1 {(j/ x — cr' Y — ioy) — [4>'x ~ a Y + 1 (J 'y) } j 
5'G~ = (l + i)>/2 G' y . 


(3.8a) 

(3.8b) 

(3.8c) 

(3.8d) 

(3.8e) 

(3.8f) 


We can also extract equations for the derivatives of y 1 and from (3.7a), while they do not satisfy 
the equations without derivatives. This is because 5 is a twisted chiral superfield in which the signs 
of the derivative terms of the component fields are flipped compared with those of the prepotential 
C, or those of the original chiral superfield $. On the other hand, there are no equations for y 2 
without derivatives. Then we have to utilize (3.8d) and (3.8e). Indeed, it has been recognized 
that they carry the information of the duality transformation [8]. As a conclusion, we obtain the 
additional variation 5'3., and the total supersymmetry transformation of E is defined by the sum of 
(3.8) and the original variation (B.3) whose component fields are given by (C.4). The procedure of 
the modification 5 '5 is completely parallel to that of a charged chiral superfield coupled to a vector 
superfield under the Wess-Zumino gauge. 

We should also point that the absence of F' x is significant. This is because F' x with 6 + 6~ 
comes from the chiral superfield X' in the superfield formalism. Generically, however, there are no 
counter terms in the twisted chiral superfield E. This implies that any non-vanishing term of F'x 
cannot be absorbed into the modified supersymmetry transformation of E. Fortunately, we can find 
an appropriate gauge-fixing (2.16), the supersymmetry transformation (3.1), and the modification 
(3.5) in which the term proportional to 9 + 6~ is never generated. 
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Additional variation 


We move on to the modification which is originated from the additional variation 5'C' . They 
are subject to the equation (3.7b). This is expressed in terms of the component fields as 


(- D'c-D' c )5'r 2 


-{5'D' c -8'D' c )r 2 

\ { (4>'x - <*y + i oy) ~ $'x ~ °Y ~ i oy )} d + d ~r 2 • 


(3.9) 


There are no other modification of the component held of T. As we have already mentioned in 
section 2.2, the complex scalar D' c should not vanish in order to obtain the appropriate sigma model 
for the exotic hve-brane. Then we obtain 


5'r 2 = 


tzw] {(fa ~ a 'y + ia 'y) ~ Wx ~ °'y ~ {a 'y )} 


2 (D' c - D' c 


d+d-i 


(3.10) 


We note that the scalar held r 2 is not a dynamical held in the sigma model for the exotic hve-brane 
[8]. The dynamical feature is carried by the scalar held y 2 via the duality relation (C.5) discussed 
in appendix C. 


4 Summary 

In this work we have studied the supergauge transformation of the prepotential C of the chiral 
superheld via <1? = D + D_C. By definition, this supergauge transformation is irrelevant for the 
chiral superheld. Since the prepotential carries many redundant component helds, we have tried to 
remove some of them by the supergauge transformation. Indeed this situation is parallel to that of 
a vector superheld in supersymmetric theory with four supercharges. It is noticed that the complex 
scalar D c and the real part of two vectorial helds (A C= ,B C _ H _) should not be gauged away, because 
they play a crucial role in generating the nongeometric structure which we have already understood 
in the previous works [8]. If we adopt a complex linear superheld L as the supergauge parameter, 
the above important component helds are removed and we cannot obtain the correct sigma model. 
Then we have imposed a relaxed gauge-hxing condition rather than the full gauge-fixing condition 
by the complex linear superheld. 

The resultant gauge-hxed prepotential C' involves twice as many degrees of freedom as the 
original chiral superheld <h. We have noted that C' is neither a left semichiral superheld nor a 
right semichiral superheld which describe a sigma model whose target space is a generalized Kahler 
geometry. Thus it turns out that not only the semichiral superhelds but also C' play a central 
role in generating the nongeometric structure of string theory. We have noticed that C' , or the 
original chiral superheld <I>, belongs to an J\f = (4,4) vector multiplet, whilst semichiral superhelds 
are building blocks of matter supermultiplets. 

The supersymmetry transformation breaks the gauge-hxing condition. Thus a modification of 
the supersymmetry transformation which does not prevent the gauge-hxing condition should be 
considered. We have found a consistent modification rule as a set of linear differential equations, 
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though it is not necessary to obtain the explicit solution. The prepotential C couples to matter 


supermultiplets in the GLSM. Thus, once the gauge-fixing condition is imposed, the supersymmetry 
transformation of the matter superfields should be modified. We have also studied a modification 
rule which does not prevent the nongeometric structure of the target space geometry of the IR 
sigma model. 

The supergauge symmetry and its gauge-fixing will be important when we carefully study 
quantum structure of the GLSM for the exotic five-brane. We have studied the worldsheet instanton 
corrections to the exotic five-brane in the language of the gauge theory vortex corrections in [14] 
based on the works [15] and [5, 6, 7]. In the next step, it would be interesting to investigate 
the quantum structure coming from the prepotential which we have not seriously analyzed in the 
previous work [14]. 
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Appendix 

A Conventions 

It is useful to exhibit conventions and notations of supersymmetric field theory in two-dimensional 
spacetime with the Lorentz signature. 

A.l Weyl spinors 

Following [1], we introduce the convention of Weyl spinor indices: 


0 e\e 2 ) = ( e~,e +), (r) t = e & , (0 ± ) t = e ± 

8 a = Sapd 13 , 0 a = £ a P 9p , 

e~ + = £+_ = + 1 , 8~ = +6+, 8 + = -8 


(A.la) 
(A.lb) 
(A.lc) 


In the superspace formalism, supercovariant derivatives D a , and supercharges Q a , Q& in two- 
dimensional spacetime are written as 


»± = J±- i0± ( a » ±8 -) 


D± = -Jt +i(,± P>±8i) 


(A.2a) 


Q± = +i8 ± (d 0 ±d 1 ) 



(A.2b) 
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Here and 9± are the Grassmann coordinates. We also define their integral measures, 


(A.3a) 
(A.3b) 
(A.3c) 


d 2 0 = ~dO a dOp£ afl = -^d8 + dd~, d 2 d = -jd8ad6p£^ = ^dd + dd~, 

d 2 0 = -^d0+d0-, d 2 0 = -^d9~d8 + , 

d A 8 = d 2 9d 2 8 = -d 2 8d 2 8 = --d8 + d8~ d8 + d8~ . 

4 

We note that the definition of hermitian conjugate is (r? + A_)t = +A ~rj + . Then integrals of (@ =t , 9±) 
are given as 

Jd 2 89 + 9~ = ^, Jd 2 9 8 + 8~ = (A.3d) 


A.2 Superfields 

In two-dimensional spacetime, there exist various irreducible supersymmetric multiplets. In this pa¬ 
per we focus on a chiral multiplet (4>x, ipx±, Fx) and a twisted chiral multiplet (cry ,Xy+, Xy~, Gy). 
Here fix and cry are complex scalar fields, ipx±, Xy+ and \Y- are Weyl spinors. They are dy¬ 
namical. We also introduce auxiliary complex scalar fields Fx and Gy. These two supermultiplets 
can be expressed as superfields X and Y whose dehnitions are 0 = D±X and 0 = D + Y = D_Y, 
respectively. Their expansions in terms of {8±,6±) are defined as 

X = (f>x + h/2 6 + ipx+ + iV28~tpx- + 2i 8 + 8 F\ 

— i 9 + 9 + d + 4>x — i8~8~d-(j)x + y/2 8 + 9 + 9~ d + i/ix- + \/2 8~8~8 + d-'ipx+ 

+ 8 + 8-8 + 8-d + d-ct)x , (A.4a) 

Y = ay + i\/2 9 +xy+~ iy/2 9 ~xy—Y 2i 9+9~Gy 

— i 8 + 9 + d + ay + i 8~9~d-ay — y/2 9~~9~9 + d-XY+ — y/2 9 + 8 + 8~d + XY- 

— d+d-8+8-d+d-ay . (A.4b) 

Here, for convenience, we used the following derivatives of the spacetime coordinates (x^x 1 ): 

9 ± = Soift = A ± T_, (A.5) 

In the main part of this paper we study the prepotential C of the chiral superfield 4>. We 
explicitly express the expansion' of C by the Grassmann coordinates ( 8±,9±), 

C = (j) c + iy/2 8 + 'ip c+ + iy/2 9~ip c _ + iy/2 8 + Xc+ + i\/2 8~Xc- 

+ i 9 + 8~F c + i 8 + 8~M c + d + d~G c + 8~8 + N c + 9~9~A C= + 8 + 8 + B c ^ 

- y/2 8 + 9-9 + ( c+ - V2 8 + 8-8~Cc- - y/2 8 + d + 9-\ c+ - y/2 8-8 + 8~\ c _ 

-2 8 + 9-d + 8~D c . (A.6) 

7 We notice that the convention is slightly different from that in [8]. 
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Here (4> c , F c , M C ,G C , N c , D c ) are complex scalars, ('il> c ±, Xc±, Cc±; A c ±) are Weyl spinors. We also 
introduce (A c= , B c ^), which behave as light-cone components of a complex vector field W c>m in 
such a way that A c= = \{W c fi — W Ct i) and B c ^ = \{W c fi + W C} i), though we do not explicitly use 
W c>m in this paper. 

We also describe the expansion of a complex linear superfield L defined by 0 = D + D~L [9, 10]: 

L = (j)L + iV2 6 + ilj L+ + iVzO~il’ L _ + iy / 2d + XL++ iV2 0~XL- 
+ i e + e~F L + 9+0- G l + 0~9 + N l + 6-0-A l= + 0 + 0 + B L + 

- V2 9 + 0-0 + (l+ - V2 0 + e-r Cl- + V2 O+0+0- d +X L- -V2 e-0+6-d-XL+ 

+ e + 0-0+0- (i o.b l ^ + i o+a l= - d+d.^ . (a.7) 

This superfield is reducible and carries six complex bosons Fl,Gl, Nl, Al = , -Bl-h-) and six 
Weyl fermions (i/)l±,Xl±,Cl±)- 

B Supersymmetry transformations 

In this appendix we summarize the supersymmetry transformations of supersymmetric multiplets. 
In general, we define the supersymmetry transformations of a general complex superfield T in terms 


of the supercharges Q± and Q± defined in (A.2b): 

SF = ( - 1S-Q+ + ie+Q- - ie_Q+ + ie+Q-^T. (B.l) 

Here e± and e± are supersymmetry parameters given as anti-conunuting Weyl spinors. 

First, we exhibit the transformations of the chiral multiplet X: 

$(f>x = v / 2e_V'A'+ - V2e + iJ)x- , (B.2a) 

SFx = -V2£^d + tpx- - V2£ + d-ipx+ , (B.2b) 

Sipx+ = — iV2e-d + <j)x + \V2e + F x , (B.2c) 

Sipx- = iV2£ + d-(/)x + i\/2e_Fx . (B.2d) 

Second, the transformations of the twisted chiral multiplet Y are listed as 

5a y = V2 £_xy+~ V2e + XY-, (B.3a) 

5Gy = V2 £ + d-x++ V2£_d + XY~ , (B.3b) 

8Xy+ = — i\/2e_3 + (jy — iy/2 e + Gy , (B.3c) 

Sxy- = i\/2 £+d -oy — iV2e_ Gy ■ (B.3d) 

We also express the transformations of the multiplet C before imposing a gauge-fixing condition. 
They are given by all the component fields: 

5(j) c = v / 2e_V’c+- V^e+'i/'c-- v / 2e-Xc++ V^e+Xc-, (B.4a) 
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SF C 
SM C 
5G C 
SN C 
SA C= 
SB C ^ 

6D C 

Hc+ 

Hc- 

$Xc+ 

$Xc- 

S(c + 

S(c- 

5A C+ 

5A C _ 


-V2 e_ (C c + + d+'i/jc _) +V2e + (Cc- - <9_^ c +) , 
+V / 2e-(A c+ + d + Xc -) — v / 2e+(A c _ — <9_Xe+), 

+i\/2e_|_ (£ c _ + d-'i /> c +) + i\/2e-(A c -)- — <9+Xe-) j 
+ i\/2e-(Cc+ — d+VL-) + i\/2e+(A c _ + <9-Xe+) j 
+i\/2 E-\-d—'ij) c — T 1V2 E-\-d—Xc— T i\/2 E—(^ c — T i\/2 £■_ A c _ , 
—iV / 2£_<9 + ?/> c+ - i\/2e-<9+Xc+ + i\/2e + C c + + iV2e + A c+ , 


-^= e-9+Cc- + ^ e+9_C c + - e-5+A c _ - -j= £+S_A c+ , 

+-^= e_ (i? C 4f — i<9_| -4> c ) + -/= e+T c — e+G c , 

-^|£+(^c= - icMc) +-^=e_F c +-^=e_iV c , 

+ -^= £_ (i?c4f + i<9_|_(/> c ) — — E + N c — —— £+M c , 

— ~j=e + (A c= + i d-<f> c ) + — y= £-G c — -j= £-M c , 
-^=e + (d.B c ^. + 21 D c ) + -j= £-d+F c - -^=£_d + N c , 

~~ 3 ^~ ( d+Ac= + 2lDc ) ~ 75 £ + d - Fc ~ 71 £+ d - G c , 

--j=e+(d-B c + - 2i D c ) - -J= e_9+G c - -J= e_d+M c , 
~^= e- (<9+^c= - 2iL> c ) - -J= £+d_fV c + -±= £ + d-M c . 


(B.4b) 

(B.4c) 

(B.4d) 

(B.4e) 

(B.4f) 

(B.4g) 

(B.4h) 

(B.4i) 

(B.4j) 

(B.4k) 

(B.41) 

(B.4m) 

(B.4n) 

(B.4o) 

(B.4p) 


C Lagrangian with prepotential 

In this appendix we write down three Lagrangians which include the prepotential C, or the original 
adjoint chiral superfield <f> in the GLSM for an exotic five-brane [8]. For simplicity, we only consider 
a single 17(1) gauge symmetry in the GLSM. 


C.l Superfields 

The first Lagrangian is given by the original adjoint chiral superfield <L in such a way that 

&* = J d*9 ^\$\ 2 + {V 2 J d 2 0 QQQ + +(h.c.)}. (C.l) 

Here, e and s are the gauge coupling constant and the complex FI parameter, respectively. The 
adjoint chiral superfield <b is coupled to charged chiral superfields Q and Q. This should be rewritten 
in terms of the component fields of C. The second is the Lagrangian of a twisted chiral superfield 
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(C.2) 


-Sfs = -y f d A d(~+Z-V2 (C + C)Y . 

Here g is the sigma model coupling constant. The third is the Lagrangian which contains the 
imaginary part of C coupled to the imaginary part of a chiral superfield T: 


&VC = — 


V2/ 


d 4 0(T-T)(C-C). 


(C.3) 


This plays a central role in describing the exotic (i.e., nongeometric) structure of the five-brane. 
Indeed the chiral superfield T is dual to the twisted chiral superfield S. We note that S is dynamical, 
while 'h is non-dynamical in this system [8]. 

We discuss the Lagrangians (C.l), (C.2) and (C.3) in terms of component fields. In order for 
that, we expand the superfields <E>, Q , Q, S and T in the above Lagrangians: 


<f> = 

4 ) + 1 V 2 e + \ + + 1 V 2 e- a_ + 2 i e + e~D$ + ..., 

(C.4a) 

Q = 

q + iV2e + 'i/j + + iV2e~^ + 2\e + e~F + ..., 

(C.4b) 

Q = 

q + iV2 6 + $ + + iV2 0-^ + 2id + 9~F + ... , 

(C.4c) 

— _ 

-^(y 1 + i y 2 ) + iV2 0+e+ - iV2 0~Z- + 2i+ ... , 

V2 

(C.4d) 

T = 

—^(r 1 + i?’ 2 ) + iv / 2 0 + x+ + ix/2 9~x~ + 2i 9 + 8~G + ... . 

V2 

(C.4e) 


where the symbol “...” implies derivative terms governed by the super covariant derivatives D± 
and D± defined in (A.2a). The explicit forms can be seen in the same way as in (A. 4). Since 
the adjoint chiral superfield <f> is given by the prepotential C, we see the relations among their 
component fields in (2.4). It is also important to mention the duality relation between E and T 
(for detailed discussions, see [8]): 


T + ^ = -g 2 (E + E) + V2g 2 (C + C), 


(C.5a) 


and the duality relations among their component fields, 

r 1 = -g 2 y 1 + g 2 (4> c + 4>c), (C.5b) 

X± = =F3 2 !± + V2g 2 (il} c ± + Xc ±), (C.5c) 

G = ^=(F C + M C ), (C.5d) 

0 = -G h --J=(G c + ¥ c ), (C.5e) 

d+r 2 = -g 2 d + y 2 + g 2 (B c ^. + H c4f ), (C.5f) 

d-r 2 = +g 2 d-y 2 + g 2 (A c= + A c= ). (C.5g) 


We do not use the relation between d±r 1 and d±y l because the signs of the derivatives acting on 
the component fields of E are flipped compared with those of T. This phenomenon also appears in 
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the relation between x± and £±. They originate from the definition of a twisted chiral superfield. 
On the other hand, there are no relations between r 2 and y 2 without derivatives. Then we have 
to use the relations (C.5f) and (C.5g) with derivatives and flipped signs. Indeed, they are nothing 
but the duality relations between the original field r 2 and the dual field y 2 . 


C.2 Component fields 


We describe the three Lagrangians in terms of the component fields. The Lagrangian (C.l) is 
1 


— n 

- V2 


^ — |d m 0| 2 + |.D$| 2 } +-^-{A-i-cCA-i-+ A_<9_|_A_| 
h/2 j cj>(qF + qF) + {qq — s) j + h/2{ cp(qF + qF ) + {qq-s) j 

ip+i/j- + i/j+fp-) + + ip-'i 

— \/2 jf/(A + V’- + 0 + A_) + q(ip-\+ + A_ 

- v / 2|g(A + V’- + 0+A_) + q(ip- A+ + A_ 

= -*^2 |d m M c | 2 + ^2 | ('W + d+Xc-)d- (A c + + <9+Xc_) + (A c _ — <9-Xc+)<9+ (A c - — d-Xc+) j 
-V2^M c (qF + qF) + M c {qF + qF)j + V2^sD c + sD c ) - 2e 2 | qq\ 2 


+ 


D c — y/2 e 2 qq 


+ 


4e 2 


d + A c= + d-B c . u_ + i<9 + <9_ 




d+A c= + d-B c _u_ - \d+d- 


} 


+ ^2 ( Dc qq) { d+A c = + d _s c4f + id+d_0 c j 

+ iy/2 | M c {ip + ip- + 'tp+ip-) - M c (0_0 + + 0_0 + ) j 
+ i\/2 y{0 + (A c _ - d-Xc+) - $- (A c+ + d+Xc-) } 

+ 1 V 2 g|^ + (A c _ - d-Xc+) - 0- (A c+ + d + Xc -)} 

+ 1 V 2 q{ip + (A c _ - d-Xc +) - ip- (A c + + 9+Xc-)} 

+ i\/2 q^p + ( A c _ - d_Xc+) - ip- (A c+ + d+Xc -)} • 

Next we express the Lagrangian (C.2) as follows: 

= -^-{(^my 1 ) 2 + (<9 m y 2 ) 2 } + iy 2 {?+<9-£+ + £_<9+£_} 

2 2 

+ 9 2 {D C + D c ) jy 1 — (0 C + 0 C )| + (0c + 0c) d+d-y 1 — ^-(T c M C )(M C + F c ) 

+ g 2 \G E \ 2 - ^{g e {N c + G c ) -G E {G C + N C )} + ^-{G C + N C ){N C + G C ) 

2 2 2 
+ tj- (d c = + d c= )d + y 2 — (-B c -h- + -^c-H-)d-y _J — ^-(A c= + d c= )(i?c4f + -®c-h-) 


(C.6) 
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• 2 *2 
“ -^J= {C+(A C - + Cc-) + C-(A c+ + Cc+)| — -^J= {C+(Cc- + A c _) + £-(Cc+ + A c+ )| 

+ i5 2 |(V'c+ + Xc+)(A C - + Cc-) — (V’c- + Xc-)(A C + + Cc+)| 

+ iff 2 {(x c+ V ; c+)(Cc— H“ ^c— ) (Xc— ^c— )(Cc+ + ^c+) j* 

. 2 

- {<9+C-(xc- + 'Cc-) - 9_C+(xc+ + A+)} 

• 2 

- {<9 + C-(A- +Xc-) - 9_C+(V’c+ + Xc+)} 

= -^(^m 7,1 ) 2 - y(<9 m y 2 ) 2 + ^{x+0-X+ + X-d+X-} 

_ 1 _ 0 2 _ _ 

- (-A + 7A c )r 1 + 2 (C*c “1“ C*c) 5+5-r 1 —— (.F c + M C )(M C + F c ) 

2 2 2 
+ y (A= + A=)<9+2/ 2 — y (-B c -h- + -B c -H-)<9_y 2 — y (A= + A=)(-B c -h- + B c .^) 

+ 71 X+{ ( A c- - 9-Xc+) + (Cc- - d-ip c+ )} 

_ X-| (A c + + d+Xc-) + (Cc+ + d+ip c -) | 

+ X+{ (A c - - d-Xc+) + (Cc- - d-ip c+ ) J 

_ X-j (A c + + d+Xc-) + (Cc+ + d+i’c -)} • (C.7) 

Finally the Lagrangian JAc (C.3) is expressed as 

&&c = ±{G(F C -M C) + G(F C -M C) } 

+ jy(C>c - ^c)d+d-r 2 - i(F>c - D c )r 2 } + ^{(A= - A^d+r 1 + (A+- - A-H-^-r 1 } 

+ X+{ (Ac- - <9_Xc + ) - (Cc- - <9_'Cc+)} 

- X-{ (A c + + d+Xc-) ~ (Cc+ + AV’c-)} 

+ X+{ (A c - - d-Xc+) ~ (Cc- - d_A+)} 

- X-{(A c + + 3+Xc-) - (Cc+ + d+Vfc-)} • (C.8) 

We note that the first equations in the right-hand sides of (C.6) and (C.7) are given by the com¬ 
ponent fields of the adjoint chiral superfield <f>, while their second equations are expressed by the 
component fields of the prepotential C via the correspondence (2.4). 
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C.3 Field equations for component fields of C 


Focusing on the Lagrangians (C.6), (C.7) and (C.8), we write down the held equations for the com¬ 
ponent fields (D c , F c , A c= , B c ^., 0 C ) of the prepotential C. Here we set the complex FI parameter 
s = -^(s 1 + is 2 ), while we do not impose any gauge-fixing conditions on C: 


D c : 0 

F c : 0 
A c =: 0 

Bc-h- ■ 0 

fie ■ 0 


^2 ( D c - V2e 2 qq) - ^ { d + A c= + d_H c4f - id+d_</> c j 


- (r 1 ~ s 1 ) - i (^ 2 - s 2 ), 

(C.9a) 

4 (m c + f c )--Lg, 

~^2 d +( Dc - - ^d + {d+M c= + <9_H c4f - id+d_^ c J 

(C.9b) 

> 

■ 2 

+ 2 ^ +rl + ~ ^ c4f > 

(C.9c) 

- 7^2 d_ (D c - V2e 2 qq) - ^d_ { d + A c= + d_H c4f - id+d_^ c J 
+ \ d - rl - y { d -y 2 + (A c= + H c= )|, 

► 

(C.9d) 

~2e2 d +d-{ Dc - e 2 qq) + -^-d+d-j d + A c= + d_H c4f - id + d_0 c | 

+ ^d+d_(r 1 + ir 2 ). 

(C.9e) 


C.4 GLSM for exotic 5^-brane 

In order to recognize the importance of the auxiliary fields in the prepotential C, we briefly demon¬ 
strate the analysis of the GLSM for the exotic 52-brane [8] . The Lagrangian is given by 

se = £/d 4 tf {-!(- I^l 2 + l^l 2 ) + IQ«l 2 e^ + |g a | 2 e-^-} 

[d 4 e^{- (H + s-^^(c a + c a )) 2 + (r + r + 2^K) 2 } 

J 0=1 0=1 

k 

d 2 0 ( — Qa^aQa + S a <I> a ) + (h.C.)| + |\/2 


+ 


+ 



s {4 

0=1 J 

/ k k 

d 4 e (T - *) ^2(C a - Co) + V2s mn Y, dm(r 4 A rha ). 
- 1 - 1 


d 9 t a Ti a + 


(h.c.)} 


(C.10) 


Here we attached the label a which represents the multiplets interacting the a-th gauge multiplet 
with the U{l) a gauge group. We focus only on the bosonic terms: 


% = ^^{^(F 0 i , a ) 2 - |d m a a | 2 - |d m M C)a | 2 } - ^ {|Z? m g a | 2 + |D m ^ a | 2 } 
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- ^{(^r 1 ) 2 + (d m r 3 ) 2 1 - y| (d m y 2 ) 2 + (-D m 7 4 ) 2 } + V2e m?l ^ d m ((r 4 - t 4 )^ n ,a) 

y a 

- 2g 2 '^2<T a O : b - 2 X] l^aPd^l 2 + 15a1 2 ) 

a,b cl 

+ E{^(W - ^V;o(|9a| 2 - 15a | 2 - \/2 (r 3 - f 3 )) } 
a a 

+ E {l F “| 2 + 1^.1 2 - V2M C:a (q a F a + q a F a ) - v / 2 M c , a {q a F a + j a F a )} + ff 2 |G r | 2 

a 

+ E {( F c,a “ ^,a)G + (^,a - M c,a) G } - y + W c,a)(F c , b + M C[h ) 

cl a,b 

+ 9 2 \Ge\ 2 + y= '^2 |(G c>a + N c , a )G = — (G C)Q + iV C)a )Gs| + y ^^(G c ,a + N C 'o){G c ^ + lV Ci fc) 


+ ^ " 2 |-^c,a a/ 2 e a <Ma| ^ 1 ^ e aIffaffal 


a,6 


- - !(?’ 2 - sl 


~^2 D c,a{( rl ~ sl) + i(r 2 - s 2 )} - ^A^jV - s 3 ) 

a a 

- X] yjO^a - V2e 2 g a g a )|(0 o - 9i)S c4f;a + (d 0 + di )A c=j0 , - i(do - 3?)</> c ,a} 

a a 

+ ^2 2^2 ( Dc ’ a - ^2 e a 9a5a) | (9 0 - di)B c ^ a + (d 0 + d 1 )A c - a + i(dg - 9 2 )0 Ci a| 

a a 

+ ^ X^ c ’ a + ^,a)(5o - df )r 3 + X] ( 5 0 - <9i)£ c +ba + (do + di)A,- a + i(d^ - d$)<j> c 
a a a 

2 

~ Y XT + -®c4f,a)(<9o — ^l)y 2 — (A:=,a + A:=,a)(<9() + 5i)y 2 | 


+ - ^(^c,a — 4>c,a)(d o — d\)r 2 — y y~](^4 e=l a + ^4 c =,a)(-B C -4f,6 + #c-H-,b) 

a a,b 

+ ^ ^ |(-B c -H-,a - -Bc-H-,a)(^o - <9i)r 3 + (H^ - A c - a )(d 0 + di)r 3 } 
a 

+ (fermionic terms). 


(C.ll) 


Notice that we have not imposed any gauge-fixing conditions on the Lagrangian. The form (C.ll) 
looks very complicated. However, this is reduced to the following simple form under the equations 
of motion (C.9) and for the auxiliary fields (Dy; a , D$ a , F a , F a , G~, Gt) in the irreducible superfields 

(E a ,$ a ,Q a ,Q a ,H,r): 

& = Yl^{\( F 0ha) 2 -\d m (Ta\ 2 -\d m M c J 2 }-J2{\D m qa\ 2 + \D m q a \ 2 } 

a a a 

- ^{(dmr 1 ) 2 + (d m r 3 ) 2 } - y {(d m y 2 ) 2 + (An7 4 ) 2 } + y/2 e mn d m ((r 4 - t A a )A n , a ) 
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2 


- 2£f 2 ^2 ( o a Ob + M CA M C)b ) - 2^ (|cr a | 2 + |M c>a | 2 )(|g a | 2 + |g a | 2 ) 

a,b cl 

~^^{\ q a\ 2 - \q a \ 2 - V2(r* - tl)} -^2e 2 a \V2q a q a + ((r 1 - s£) + i(r 2 - s 2 )) 

a a 

Q 2 

+ t2>- a + 2l c=>a )(-B c _ H _ j b + 
a,b 

+ (fermionic terms). (C.12) 

We have also imposed the equations of motion for non-dynamical fields (P C;Q , G C)a , N c a ) in the 
prepotential C a . We immediately find that the vectorial fields (A c=ta , B c ^ >a ) still contribute to 
the Lagrangian (C.12). Indeed they are coupled to the (non)-dynamical fields via the duality 
relations (C.5f) and (C.5g). If these vectorial fields are gauged away by the complex linear superfield 
C a = W a +Y a + Z a = L a , we cannot obtain the nongeometric structure on the target space geometry 
of the IR sigma model. This is nothing but the crucial point in the previous work [8]. Thus, in 
order to remove genuinely redundant degrees of freedom only, we have to introduce a supergauge 
parameter C a which is not a complex linear superfield. If we find a suitable gauge-fixing, this should 
keep the vectorial fields ( A c=a , B c ^ a ) non-trivial. Then we can analyze the supersymmetric vacua 
of (C.12), and eventually obtain the correct sigma model in the IR limit. 
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